Notes on Special Relativity
We start this section by reminding you what an inertial reference frame is, then
discuss how to compare the laws of physics from one reference frame to another.
Inertial Reference Frames
Imagine two space ships floating in space. Suppose someone named Bill was in
one, and George in the other. Suppose that George observed that Bill was moving in
the + direction with a constant velocity +v. George would feel at rest and say that
Bill was moving to the right with a constant velocity. Bill, however, would also feel
at rest and say that George is moving to the left with a constant velocity −v. Who is
correct? Both are. Each of these space ships is an inertial reference frame. Bill feels
at rest, and so does George. There is something very special about reference frames
floating in space with a constant velocity with respect to each other. They are all
inertial reference frames and have the following properties:
1. A reference frame moving with a constant velocity with respect to an inertial frame
is also an inertial reference frame.
2. In an inertial reference frame, one ”feels” at rest.
3. There is no experiment that one can do in an inertial reference frame to determine
the velocity of the reference frame.
4. The laws of physics take on the same form in all inertial reference frames.
5. There is no absolute reference frame.
The equivalance of inertial reference frames is a fundamental property of physics,
and is the basis of Einstein’s theory of special relativity. It is a wonderful property
of nature, and one can marvel at its simplicity.
We now want to compare the laws of physics between inertial reference frames.
We will label all quantities in one frame with a ”prime”, and all quantities in the
other frame without the ”prime”. In all discussions that follow, we will consider
two inertial reference frames that have set up their coordinate systems such that the
x−y−z coordinate system axes are each parallel to the x0 −y 0 −z 0 ”primed” coordinate
system axes. We will orient the axes in such a way as to have the primed system have
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a velocity of ~v = V î as measured in the unprimed reference frame. We will also have
as a time reference t = 0 to be the time when the two coordinate systems, x − y − z
and x0 − y 0 − z 0 , coincide.
As you will see, there is no loss of generality with these choices of space and time
references. As viewed in the primed frame, the unprimed reference frame is moving
with a uniform velocity of −V î0 . In comparing the laws of physics between these two
reference frames, we will need to determine how two events in one reference compare
to events in the other. We will take the first event to occur at x = y = z = t = 0
in the unprimed frame, and consequently at x0 = y 0 = z 0 = t0 = 0 in the primed
frame. We will need to figure out how each observer measures a second event. That
is, if (x, y, z, t) are the coordinates of the second event in the unprimed frame and
(x0 , y 0 , z 0 , t0 ) are the coordinates in the primed frame for the same event, then what is
the relationship between (x0 , y 0 , z 0 , t0 ) and (x, y, z, t)? The equations that relate these
coordinates between the two reference frames are called transformation equations. We
start first with the Galilean transformation.
Galilean Transformation
Our senses give us an idea as to how to transform the coordinates of the second
event from one frame to the other. One would believe that t = t0 since time changes
seem to be absolute. Also, since the motion is in the x-direction, y = y 0 , and z = z 0 .
The only non-trivial relationship would be how x and x0 are related. Since in a time
interval t the primed frame has moved a distance V t, or V t0 , we have
x
y
z
t

=
=
=
=

x0 + V t0
y0
z0
t0

where we have used t0 on the right side of the equation, since t = t0 . Note that all the
variables on the right side are from the primed reference frame, and all the variables
on the left side are for the unprimed reference frame. We can write these equations
in matrix form:
  
  0
x
1 V
x
=
(1)
t
0 1
t0
where we have only included the nontrivial equations for x and t. Remember that
these equations are for the second event. The first event occurs at (0, 0, 0, 0) in each
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frame. The above equations are called the Galilean transformations for space and
time differences.
The inverse equations relate x0 and t0 to x and t:
 0 
 
x
1 −V
x
=
(2)
t0
0 1
t
The product of the transformation matrix and its inverse must be unity:

 
 

1 V
1 −V
1 0
·
=
0 1
0 1
0 1

(3)

The transformation equations can be used to determine how velocities transform
from one observer to the other. Suppose there is a particle moving in the x-direction,
and the primed observer measures its speed to be u0x . To use the transformation
equations, one needs two events. Let the moving particle ”flash” twice. The first
flash is at (x0 , t0 ) = (0, 0). The second flash is at x0 at time t0 . Then u0x = x0 /t0 .
Dividing the two transformation equations we have:
x0 + V t0
x
=
t
t0
0
ux = ux + V
If we differentiate the equation above, we see that the acceleration ax of the particle
measured in the unprimed frame is equal to the acceleration a0x in the primed frame.
This is true since V is a constant value.
ax = a0x

(4)

If mass and force are the same for each observer, then Newton’s second law of
motion (for the x-direction) F = max will have the same form in each reference
frame. That is, if F 0 = ma0x , then F = mx a. The same invarience is true regarding
momentum conservation in the x-direction. For example, for two interacting particles,
if
m1 u01i + m2 u02i = m1 u01f + m2 u02f
then
m1 (u1i + V ) + m2 (u2i + V ) = m1 (u1f + V ) + m2 (u2f + V )
m1 u1i + m2 u2i = m1 u1f + m2 u2f
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(5)

That is, if momentum is conserved in the primed frame, then it is also conserved in the
unprimed frame. Note that the conserved quantity (m1 u1 +m2 u2 in this case) depends
on the transformation equations. If the transformation equations were different, then
m1 u1 + m2 u2 might not be conserved when two particles interact.
From the discussion above, one can conclude that Newton’s laws of motion are
of the same form for the Galilean transformations of space and time events. This
statement is also phrased as: Newton’s laws of motion are invarient under a Galilean
transformation.
Although Newton’s laws of motion are invarient under a Galilean transformation,
the laws of electrodynamics, Maxwell’s equations, are not. The magnetic part of
the interaction is velocity dependent. The interaction depends on the velocity of the
~
source, producing the magnetic field, as well as the force on the particle, F = q~v × B.
Velocities are reference frame dependent, as well as the electric and magnetic fields.
The Galilean transformation does not allow one to formulate Maxwell’s equations in a
frame independent way. One can most easily see the difficulties inherent in Maxwell’s
equations by considering the electromagnetic radiation that it predicts. In free space
the electric field of the radiation obeys the equation
∂ 2 Ey
∂ 2 Ey
=
µ

(6)
0
0
∂x2
∂t2
√
where c = 1/ µ0 0 . Note that the velocity of the source does not enter this ”wave”
equation. That is, the speed of the radiation is the same whether the source is moving
towards or away from the observer. Suppose the source is at rest in the primed frame.
Then according to the Galilean transformation, the velocity of the radiation observed
in the unprimed frame should be ux = c − V , which is not consistent with Maxwell’s
equation for the speed of the radiation in the unprimed frame.
Another problem, which bothered Einstein, is the following. Suppose one traveled
with a speed c along with the radiation. Then in this reference frame, the electric
field would oscillate sinusoidally in space, but not travel at all. A solution of this
form for the electric field is not possible from Maxwell’s equations.
To remedy these problems, scientists came up with the idea that light must travel
in a medium called ether. The interference effects of light supported this incorrect
conclusion, since interference effects were only observed with mechanical waves that
traveled in a medium. However, if this were to be the case, then there would be a
special reference frame for the universe, the reference frame of the ether. By measuring the speed of light, one could determine the absolute velocity of one’s (inertial)
reference frame.
Einstein spent years trying to find a way to make the laws of electrodynamics be
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of the same form in all inertial reference frames. As the story goes, the key idea came
to him in May, 1905, after talking to his friend from the Swiss patent office Michele
Besso. On his way back from Besso’s home, Einstein noticed that two of the church
clocks in Bern, Switzerland, ran at different rates. He then realized that if t 6= t0 , the
equations could be made reference frame independent. The next day Einstein visited
his friend Besso. The first thing he said to him was: ”Thank you, Ive completely
solved the problem.” Einstein spent the next weeks formulating his theory of special
relativity, which we discuss next.
The Lorentz Transformation
The Galilean transformations need to be modified in such a way that if
∂ 2 Ey0
∂ 2 Ey0
=
µ

0 0
∂x02
∂t02

(7)

then
∂ 2 Ey
∂ 2 Ey
=
µ

(8)
0
0
∂x2
∂t2
for the same electromagnetic radiation. In other words, the speed of light will be c
for each observer, using their own space and time measurements, for the same light.
We can determine some of the changes needed from the following experiment. In
the primed frame, a pulse of light is emitted at the origin at a time t0 = 0. This is
the first event. Then the light travels along the y-axis a distance L and reflects off
a mirror. It travels back to the origin along the y-axis, arriving at a time t0 = 2L/c.
Event 2 is the arrival of the light back at the origin. That is, event 1: x0 = 0, t0 = 0.
Event 2: x0 = 0, t0 = 2L/c.
Now, lets determine the coordinates of these two events in the unprimed frame.
Event 1 occurs at x = 0, t = 0, since this is how we set up the two coordinate systems.
In the unprimed frame, the light travels at an angle to the mirror, then reflects back
to the x-axis. Let t be the time (in the unprimed frame) that it takes for the light
to return to the x-axis. The time it takes to hit the mirror is therefore t/2, and has
traveled in the x-direction a distance of V t/2. The total distance that the light travels
before it reaches the first mirror is found by Pythagorus theorum to be:
p
L2 + (V t/2)2

(9)
p
2
2
The time to reach the first mirror is therefore d/c = L + (V t/2) /c. Note that we
use the same speed c for the light in both reference frames. The total time for the
light to return to the x-axis is twice this time or 2d/c. That is
d=

5

6

2d
cp
2 L2 + (V t/2)2
t =
c

t =

This equation can be solved for t to give
t= p

2L/c
1 − V 2 /c2

(10)

Note that 2L/c is the time of the second event as measured by the primed observer.
That is, 2L/c = t0 . So the relationship between t0 and t is
t= p

t0
1 − V 2 /c2

(11)

if the second event is at the origin in the primed reference frame. The
location of the second event in the unprimed frame is just x = V t. Thus, If the
second event is at the origin at time t0 in the primed reference frame, the unprimed
frame will observe this event at
t0
t = p
1 − V 2 /c2
V t0
x = p
1 − V 2 /c2
I repeat, these equations only apply if the second event is at the origin in the unprimed
reference frame.
The transformation equations above don’t agree with our senses. The time difference as measured in the primed frame is different than in the unprimed reference
frame. However, this difference is very small for relative velocites in our everyday life.
For example, ifpV = 500 mph ≈ 224 m/s, then v/c = 224/(3 × 108 ) = 7.47 × 10−7 .
The quantity 1 − (7.47 × 10−7 )2 is around 0.9999999999997212. This results in
t = 1.0000000000002789 t0 . Our senses cannot detect this very small difference in
time.
In order to observe the difference in time intervals between reference frames, the
relative velocity between the observers needs to be close to the speed of light. Large
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relative speeds can be achieved in particle accelerators, and the equations above can
be tested. For example,a muon has a mean lifetime of 2.2 × 10−6 sec before it decays
into an electron and two neutrinos. The mean lifetime of a particle always refers to
the reference frame in which the particle is at rest.
Now, if the muon is created with a velocity of 0.8c in the laboratory, we can
measure its mean lifetime in the laboratory frame and check out the equation. In
this case, the primed frame is moving with the muon. The muon is created at x0 = 0,
t0 = 0. The muon stays at the origin, and decays at the origin at time t0 , which on
average is 2.2 × 10−6 sec. Using t0 = 2.2 × 10−6 sec in the equation gives
t0
t = p
1 − (V /c)2
2.2 × 10−6
t = √
1 − 0.82
t ≈ 3.67 × 10−6 sec
The muon has a longer average lifetime in the lab than in the primed reference frame,
its rest frame. This increased time effect is refered to as time dilation. The distance
(on average) that the muon travels in the lab will be
x = Vt
= 0.8c(3.67 × 10−6 )
= 880 meters
If t were to equal t0 , as in the Galilean transformation, then the distance that the
muon would travel on average would be x = V t = 0.8c(2.2 × 10−6 ) ≈ 528 meters.
When the experiment is done, the muon travels on average 880 meters as predicted
by Einstein. This ”time dilation” effect has been verified every day for the past 50
years in accelerators around the world. Although the effect is small for human scale
speeds, one needs to take time dilation into account for an accuate GPS system.
So far we have come up with the correct transformation when the two events are
both at the the origin. Now we would like to determine the form of the transformation
equations in general. That is, if the second event occurs at a location different than
the origin. To do this, we first write down the transformation from the unprimed
frame to the primed frame when the second event occurs at the origin in the unprimed
reference frame. The only difference will be to replace V with −V :
8

t
t0 = p
1 − V 2 /c2
−V t
x0 = p
1 − V 2 /c2
where in this case the second event in the unprimed frame has x = 0. Now the time
between the events is longer in the primed frame. Why is this the case. If two events
occur at the same place in a reference frame, the time between the events will be
shorter than in any other reference frame. One cannot always find a reference frame
in which the two events occur in the same place, but if one can, then in this frame the
time between the two events will be the shortest. Let the time between two events
that occur at the same position in an inertial reference frame be τ . Then the time
difference between these events in another inertial reference frame is
τ
∆t = p
1 − (V /c)2

(12)

where V is the relative velocity between the reference frames.
It is instructive to write the transformation equations that we have so far in matrix
form:


 
√ V 2  
a(V
)
x
1−(V /c)  0
(13)
=
t0
t
b(V ) √ 1 2
1−(V /c)

We do not know the coefficients a and b yet. I have written them as a(V ) and b(V )
because they might depend on V . a and b can have any value so far, since they don’t
enter the calculation if x0 = 0, Similarly, the inverse transformation is


 0
√ −V 2  
a(−V
)
x
1−(V /c)  0
=
(14)
0
t
t
b(−V ) √ 1 2
1−(V /c)

by symmetry, V → −V .
The coefficients a and b can be determine by requiring that the two matrices
are inverses of each other as we saw with the Galilean transformation. That is, if
we transform from the primed coordinates to the unprimed coordinates, then back
again to the primed coordinates, the result must be what we started with. In matrix
notation, we require
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a(V ) √
b(V )



V
a(−V )
1−(V /c)2  
√ 1 2
b(−V )
1−(V /c)



−V
1−(V /c)2 
√ 1 2
1−(V /c)

√


=

1 0
0 1


(15)

The 1, 2 element of the product equals zero, and only contains a(V ):
−V
V
1
a(V )( p
)+ p
(p
)=0
1 − (V /c)2
1 − (V /c)2
1 − (V /c)2

(16)

Solving this equation for a(V ) gives
1
a(V ) = p
1 − (V /c)2

(17)

Likewise, the 2, 2 element of the product equals one, and only contains b(V ):
−V
1
1
b(V )( p
)+ p
(p
)=1
2
2
1 − (V /c)
1 − (V /c)
1 − (V /c)2

(18)

Solving this equation for b(V ) gives
V /c2
b(V ) = p
1 − (V /c)2

(19)

Using these values for a(V ) and b(V ) for the 1, 1 and the 2, 1 elements of the
produce yields the correct values of 1 and 0 respectively.
Putting the transformation equations together in matrix form we have:

  0
 
1
1
V
x
x
(20)
=p
2
2
t
V
/c
1
t0
1 − (V /c)
to transform space and time events from the primed to the unprimed frame. The
inverse transformation, from the unprimed to the primed frame, will just require
replacing V with −V :
 0

 
1
x
1
−V
x
=p
(21)
0
2
t
1
t
1 − (V /c)2 −V /c
Writing the transformations in equation form, gives
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x0 + V t0
x = p
1 − (V /c)2
t0 + V x0 /c2
t = p
1 − (V /c)2
The transformation from the unprimed to the primed frame is obtained by just replacing V with −V . Since both reference frames are indistiguishable, it doesn’t matter
which one we call primed and which one we call unprimed. The velocity V is the
relative velocity of the frame with the variables on the right side with
respect to the frame with the variables on the left side of the equations.
Note that V can be positive or negative. These transformation equations are called
the Lorentz transformation equations.
Some comments on the Lorentz transformations:
1. If V << c, which is true for human speeds, the Lorentz transformations are the
same as the Galilean transformations:

x ≈ x0 + V t0
t ≈ t0
for V << c.
2. The transformation equations that we have derived so far are for (x, t) and (x0 , t0 )
being the second event when the first event occurs at (0, 0) in both reference
frames. Suppose the first event occurs at (x1 , t1 ) in the unprimed frame and
(x01 , t01 ) in the primed frame. Then the equations will be correct for ∆x = x−x1 ,
∆t = t − t1 and ∆x0 = x0 − x01 , ∆t0 = t0 − t01 :
∆x0 + V ∆t0
∆x = p
1 − (V /c)2
∆t0 + V ∆x0 /c2
∆t = p
1 − (V /c)2
or in matrix form:
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  0
1
∆x
1
V
∆x
=p
2
2
∆t
∆t0
V
/c
1
1 − (V /c)

(22)

3. For two events, the difference in the location of the two events, ∆x depends
on the reference frame. That is, ∆x is a relative quantity, depending on one’s
reference frame. Also, the time difference between the events, ∆t, is a relative
quantity which depends on one’s reference frame. Is there any quantity that
is the same for both observers? Is there any combination of ∆x and ∆t that
will give the same value for both observers? Consider the combination (∆x)2 −
c2 (∆t)2 .
0
0 2 2
(∆x0 + V ∆t0 )2
2 (∆t + V ∆x /c )
−
c
1 − (V /c)2
1 − (V /c)2
= (∆x0 )2 − c2 (∆t0 )2

(∆x)2 − c2 (∆t)2 =

Wow, this is nice. For any two events, ”1” and ”2”, we define ∆x ≡ x2 − x1 and
∆t ≡ t2 − t1 . The combination (∆x)2 − c2 (∆t)2 will have the same value for all
inertial frames that observe the two events. Although ∆x and ∆t will in general
be different for each inertial frame, the magical combination of (∆x)2 − c2 (∆t)2
will be the same value in every inertial reference frame. Quantities that have
this property are called Lorentz invarients. The quantity (∆x)2 − c2 (∆t)2 is
refered to as the invarient spacetime interval and often given the symbol s2 .
4. In our discussion so far, we have not considered the y and z parts of the transformation. These space coordinates are perpendicular to the direction of the
relative velocity V . In deriving the equations for x and t, we have assumed
y = y 0 and z = z 0 . The complete Lorentz transformation equations are therefore:

x = p

x0 + V t0
1 − (V /c)2

y = y0
z = z0
t0 + V x0 /c2
t = p
1 − (V /c)2
12

Or more generally:
∆x0 + V ∆t0
∆x = p
1 − (V /c)2
∆y = ∆y 0
∆z = ∆z 0
∆t0 + V ∆x0 /c2
∆t = p
1 − (V /c)2
and the invarient spacetime interval is

s2 = (∆x)2 + (∆y)2 + (∆z)2 − c2 (∆t)2
s2 = (∆r)2 − c2 (∆t)2
where we have defined (∆r)2 ≡ (∆x)2 + (∆y)2 + (∆z)2 .
5. The spacetime interval, s2 , is an interesting quantity. If s2 < 0, or c2 (∆t)2 >
(∆r)2 , then the two events are said to be time like. In this case, there exists
a reference frame where (∆r)2 can equal zero. That is, there exists a reference
frame where the two events occur at the same location. In this reference frame,
the time between the two events is the shortest. No inertial reference frame will
observe the two events to occur at the same time, and all observers will agree
which event preceeded the other.
If the spacetime interval s2 is greater than zero, (∆r)2 > c2 (∆t)2 , then the two
events are said to be space like. In this case, there exists a reference frame in
which the two events occur at the same time, that is, where (∆t)2 = 0. In this
reference frame, |∆x| is the smallest. No inertial reference frame will observe the
two events to occur at the same place. The two events will occur simultaneously
in only one reference frame, and the time ordering of the two events may be
different for different inertial reference frames.
If the spacetime interval s2 = 0, then the two events are said to be light like. A
beam of light can travel from one event to the other.
The principle of causality states that one event can influence another event only
if the invarient spacetime interval is less than or equal to zero, s2 ≤ 0.
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We now discuss how the Lorentz transformation will modify our previous expressions for the Doppler shift for light and the velocity addition formula.
Doppler Shift for electromagnetic radiation
We are familiar with the Doppler shift for sound from our discussion in Phy132.
Here we carry out a similar derivation for electromagnetic (EM) radiation. Suppose
there is a source of EM radiation traveling away from us with a relative speed V .
Let the frequency of the radiation in the reference frame of the source be f0 , and the
period in this frame be T0 = 1/f0 . In the source’s reference frame the cycle lasts a
time of T0 , and the start and end of the cycle occurs at the same location. That is,
event ”1” is the start of the cycle of radiation, and event ”2” is the end. Both events
occur at the origin and the time between them is T0 . However, in our
p reference the
time between the start and end of the cycle takes a time of T = T0 / 1 − (V /c)2 .
The distance that the source travels from
p the start of the ”wave” to the end of
the ”wave” is equal to ∆x = V T = V T0 / 1 − (V /c)2 . During the start and end of
the ”wave”, the front of the radiation has traveled distance of cT towards us. Thus,
the wavelength λ of the radiation as observed in our frame is the sum of the distance
the front of the wave has traveled, cT , plus the distance the source has traveled (in
our frame) in time T :

λ = cT + V T
= (c + V )T
T0
= (c + V ) p
1 − (V /c)2
(1 + V /c)
= cT0 p
1 − (V /c)2
s
1 + V /c
λ = cT0
1 − V /c
Dividing both sides by c, and using λ/c = 1/f and T0 = 1/f0 we have

14

λ
1
=
c
f0

s

1 + V /c
1 − V /c

s

1
1 1 + V /c
=
f
f0 1 − V /c
s
1 − V /c
f = f0
1 + V /c
where a positive V means that the source is going away from the observer. Note that V
is the relative velocity between the two reference frames. This result is different than
the Doppler formula for sound. With sound, two velocities entered in the equation:
the velocity of the source with respect to the medium and the velocity of the observer
with respect to the medium. With EM radiation there is no medium, so only the
relative velocity can enter thepequation.
The relationship f = f0 (1 − V /c)/(1 + V /c) is refered to as the relativistic
Doppler shift formula. It has been verified experimentally, and is very important in
analyzing astronomical spectra.
Velocity addition formula
We want to correct the velocity addition formula to be consistent with the Lorentz
transformation equations. Suppose there is a particle moving in the x-direction. Let
ux be the velocity of the particle as measured in the unprimed reference frame. Let
u0x be the velocity of the same particle as measured in the primed reference frame.
There will be three velocities involved. One is the relative velocity between reference
frames, V . The other two velocities are the velocity of the particle as measured by
each observer, ux in the unprimed frame, and u0x in the primed frame.
The velocity formula is best understood by having the particle flash at equal time
intervals. Then, two events are two successive flashes. The distance between the two
flashes (events) in the primed frame will be ∆x0 , and the distance between the two
flashes in the unprimed frame will be ∆x. The time between the two flashes (events)
as measured in the primed frame will be ∆t0 , and in the unprimed frame ∆t. ux will
equal (∆x)/(∆t). u0x will equal (∆x0 )/(∆t0 ). Transforming these quantities gives:
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p
(∆x0 + V (∆t0 ))/ 1 − (V /c)2
∆x
p
=
∆t
(∆t0 + V (∆x0 )/c2 )/ 1 − (V /c)2
∆x0 + V (∆t0 )
∆x
=
∆t
∆t0 + V (∆x0 )/c2
If we divide the right side by ∆t0 we have
ux =

u0x + V
1 + V u0x /c2

(23)

This velocity addition equation is known as Einstein’s velocity addition formula. If
V and u0x are much less than c, then the equation reduces to the Galilean result,
ux = u0x + V . Note, that if u0x = c, then so does ux = c for any V .
Let’s compare the Galilean and Lorentz transformations with regard to absolute,
relative, and invarient quantities as well as the invarience of the laws of physics.
Galilean Transformation
Newton’s Laws of motion
invarient
Maxwell’s EM interaction
not invarient
Speed of EM radiation
relative
∆x
relative
absolute
∆t
2
2
2
(∆x) − c (∆t)
relative
absolute
time ordering
of
events
P
ui
conserved
i mi ~

Lorentz Transformation
not invarient
invarient
absolute
relative
relative
absolute
can be relative
not conserved

Which is the correct transformation for space and time? If the Galilean transformation is the choice (which seems to make ”sense”), then the laws of electrodynamics
depend on one’s reference frame. If the LorentzPtransformations are the truth, then
Newton’s laws of motion are not absolute and i mi~ui is not conserved in collisions
in every inertial reference frame. Einstein believed in the invarience of Maxwell’s
equations, and modified the expressions for momentum and energy such that they
are conserved in all reference frames.
Next we determine the four quantities that will be conserved in all inertial reference
frames and that will reduce to Newton’s forms for momentum and energy when
u << c.
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Relativistic Kinematics
To find quantities that will yield the same equations for all inertial observers, the
quantities need to transform according to the Lorentz transformation. In this class we
will consider momentum conservation, and you will see what is meant by the previous
statement. For our discussion, it will be useful to define ”four vectors” as any four
quantities that transform according to the Lorentz transformation. For example, we
have shown that ∆x, ∆y, ∆z, and ∆t have this property:
∆x0 + V ∆t0
∆x = p
1 − (V /c)2
∆y = ∆y 0
∆z = ∆z 0
∆t0 + V ∆x0 /c2
∆t = p
1 − (V /c)2
or in matrix form:
p
  
∆x
1/ 1 − (V /c)2
∆y  
0
 =
∆z  
p0
2
∆t
(V /c )/ 1 − (V /c)2

p
  0
0 V / 1 − (V /c)2
∆x
0


0
0
 ∆y0 
(24)
 ∆z 
1
p 0
∆t0
0 1/ 1 − (V /c)2
P
For the Galilean transformation, the total momentum i mi ui is conserved when
particles
interact with each other (i.e. in collisions). Under a Lorentz transformation,
P
i mi ui will not be conserved when particles interact. We seek a quantity, that will
replace mi ui , and be the correct quantity that is conserved in collisions. We need a
relativistic version of momentum. A relativistic momentum requires a velocity ”fourvector”. Velocity is a change in position over change in time. One might think that
the space-time four vector divided by ∆t:


(∆x)/(∆t)
(∆y)/(∆t)


(25)
(∆z)/(∆t)
(∆t)/(∆t)
0
1
0
0

would be a good candidate for a velocity four-vector. However, it is not. ∆t is a
relative quantity. If we could divide by an invarient quantity for ∆t, then we would
have a nice velocity four-vector.
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The solution to a velocity four-vector is found as follows. Suppose a particle is
traveling and flashing at equal time intervals, τ , in the particle’s reference frame,
where τ is very small. Let the particle’s speed in the unprimed reference frame be
labeled u, and the speed of the particle as measured in the primed frame labeled as
u0 . Let the relative velocity between the frames be V as before. What is the time
between the flashes as measured in the unprimed frame? The flashes occur at the
same place in the particles reference frame, which is moving with a relative velocity
of ~u with respect to the unprimed frame. So, using the Lorentz transformation from
the particle’s frame to the unprimed frame,
p the time between the flashes as measured
in the unprimed frame will be ∆t = τ / 1 − (u/c)2 . Note the speed u is used here,
and not V . u is the speed of the particle’s rest frame with respect to the unprimed
frame. Using the same reasoning, the time
p between the flashes as measured in the
primed reference frame will be ∆t0 = τ / 1 − (u0 /c)2 . Note that ∆t 6= ∆t0 . However,
p
p
1 − (u/c)2 ∆t = τ = 1 − (u0 /c)2 ∆t0
p
p
1 − (u/c)2 ∆t =
1 − (u0 /c)2 ∆t0
p
The quantity 1 − (u/c)2 ∆t is an invarient, the same in all inertial reference frames.
Note that up
and ∆t will depend on the reference frame. However, the magical combination of 1 − (u/c)2 ∆t will be the same value for every observer. Each observer
must use the speed u and ∆t as measured in their frame. We can use the time interval
τ to make a Lorentz four-vector by dividing a four-vector by the invarient τ :
p


 
(∆x)/(∆tp1 − (u/c)2 )
(∆x)/τ
(∆y)/τ  (∆y)/(∆t 1 − (u/c)2 )


 
p
(26)
(∆z)/τ  = (∆z)/(∆t 1 − (u/c)2 )
p
(∆t)/τ
(∆t)/(∆t 1 − (u/c)2 )
Since (∆x)/(∆t) equals ux , etc., the four quantities
 p

ux /p1 − (u/c)2
uy / 1 − (u/c)2 
 p

(27)
uz / 1 − (u/c)2 
p
1/ 1 − (u/c)2
will transform the same way as ∆x, ∆y, ∆z, and ∆t under a Lorentz transformation.
Multiplying each component by the particle’s mass m produces another four-vector,
one that reduces to the Newtonian momentum mu if u << c:
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√


mux
1−(u/c)2

muy


√

 1−(u/c)2 
 √ muz 


 1−(u/c)2 
√ m 2

(28)

1−(u/c)

The four-vector above will transform from the primed frame to the unprimed
frame via the Lorentz transformation:


√


mux
1−(u/c)2

muy

p
1/ 1 − (V /c)2

√

0
 1−(u/c)2  
 √ muz  = 



p0
 1−(u/c)2 
2
(V /c )/ 1 − (V /c)2
√ m


0
1
0
0

1−(u/c)2

0
0
1
0

 mu0

x
p
 √1−(u0 /c)2

V / 1 − (V /c)2 
 √ mu0y 



0
  1−(u00 /c)2 
  √ muz 


p 0
0 /c)2

1/ 1 − (V /c)2  1−(u
m
√
0
2
1−(u /c)

(29)
Note the different velocities that enter in this equation. The velocities ux , uy ,
uz , and u2 = u2x + u2y + u2z refer to the velocity of the particle as measured in the
02
02
unprimed reference frame. The velocities u0x , u0y , u0z , and u02 = u02
x + uy + uz refer to
the velocity of the particle as measured in the primed reference frame. The velocity
V is the relative velocity between the two reference frames, with the direction of V
being along the x-axes.
As the transformation equation is expressed above, the quantities in the fourvector don’t have the same units. Also, the matrix elements don’t all have the same
units. A more consistent way to write the Lorentz transformation equations in this
case is to have each element in the four-vector to have units of momentum, mass
times velocity, and all matrix elements to be unitless as follows:


√


mux
1−(u/c)2

muy

p
1/ 1 − (V /c)2

√

0
 1−(u/c)2  
 √ muz  = 



p0
 1−(u/c)2 
(V /c)/ 1 − (V /c)2
√ mc


0
1
0
0

1−(u/c)2

0
0
1
0

 mu0

x
p
 √1−(u0 /c)2

(V /c)/ 1 − (V /c)2 
 √ mu0y 



0
  1−(u00 /c)2 
  √ muz 
 1−(u0 /c)2 
p 0


1/ 1 − (V /c)2
√ mc0 2
1−(u /c)

(30)
Note that the transformation matrix is symmetric.
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The first three quantities approach the classical definition of momentum when
V /c → 0. What does the fourth quantity approach as V /c → 0? Using the Taylor
expansion about V = 0 gives:
mc
p
= mc(1 − (u/c)2 )−1/2
2
1 − (u/c)
u2
= mc(1 + 2 + · · · )
2c
mu2
+ ···
= mc +
2c
The first term in the expansion is a constant, a rather large one. The second term
is thep
classical formula for Kinetic Energy divided by c. We therefore associate
(mc)/ 1 − (u/c)2 with energy/c, E/c. The expressions for momentum and energy
that transform as a Lorentz four-vector are:
mux
px = p
1 − u2 /c2
muy
py = p
1 − u2 /c2
muz
pz = p
1 − u2 /c2
mc
E/c = p
1 − u2 /c2
and these four quantities in the primed reference frame are related to the same four
quantities in the unprimed reference frame via the Lorentz transformation:
p
 
px
1/ 1 − (V /c)2
 py  
0

 
 pz  = 
p0
E/c
(V /c)/ 1 − (V /c)2


0
1
0
0

p
 0 
px
0 (V /c)/ 1 − (V /c)2
0 


0
0
  py0 
  pz 
1
p 0
2
E 0 /c
0
1/ 1 − (V /c)

(31)

We can now show that if momentum and energy are conserved in the primed
reference frame then they are also conserved in the unprimed reference frame. We
will show this for a collision involving two particles. We will write the conservation
of momentum in four-vector form, with each component being conserved:
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If
(bef ore)  0 (bef ore)  0 (af ter)  0 (af ter)
p0x
px
px
px
 p0y 
 p0y 
 p0y 
 p0y 

 0 


+
=
+
 pz 
 p0z 
 p0z 
 p0z 
E 0 /c 1
E 0 /c 2
E 0 /c 1
E 0 /c 2


(32)

where ”1” and ”2” refer to particles one and two. ”Before” means the value before
the collision, and ”after” to after the collision. If we multiply both sides of this
four-vector equation by the transformation matrix
p
p


0 0 (V /c)/ 1 − (V /c)2
1/ 1 − (V /c)2


0
1 0
0


(33)


0 1
p0
p 0
(V /c)/ 1 − (V /c)2 0 0
1/ 1 − (V /c)2
then we have
(bef ore) 
(bef ore) 
(af ter) 
(af ter)
px
px
px
px
 py 
 py 
 py 
 py 








+
=
+
 pz 
 pz 
 pz 
 pz 
E/c 1
E/c 2
E/c 1
E/c 2


(34)

WOW! We have found the correct expressions for energy and momentum, since if
momentum and energy are conserved in one inertial frame they are observed to be
conserved in all inertial frames. Although the values of px , py , pz , and E will depend
on the reference frame, the total momentum and energy before a collision will equal
the total momentum and energy after the collison in every inertial reference frame.
The key feature that gave the reference frame independence for the conservation
equations was having each term in the equation transform the same way. In our case
momentum and energy mix in the transformation from the primed to the unprimed
frames. However, having a four-vector for each term in the equation, preserves the
four-vector form of the equation. The equations end up exactly the same in each
frame, with the primed quantities being replaced with the corresponding unprimed
quantities. By using four-vector quantities, you will see in our upper division course
Phy315 that Maxwell’s equations also take on the same form in all inertial frames.
Although E/c is the fourth component of the four-vector, E by itself is also
conserved. The standard expressions for relativisitic momentum and energy are:
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p~ = p
E = p

m~u
1 − u2 /c2
mc2
1 − u2 /c2

Even if the particle is at rest, it has an energy E = mc2 , the most famous equation
in physics. We will do many examples in class on relativisitic kinematics.
Energy-momentum invarients for a single particle
If an object is at rest, its momentum is zero, p~ = 0, but its energy is not. If u2 = 0,
then E = mc2 . In the energy equation, m is refered to as the particle’s rest mass.
The kinetic energy of the particle is the energy in addition to mc2 . So we define the
energy of motion (K.E.) as
K.E. ≡ E − mc2

(35)

Multiplying the matrix expression for momentum and energy transformation, gives
p0x + (V /c2 )E 0
p
1 − V 2 /c2
py = p0y
pz = p0z
E 0 + V p0x
E = p
1 − V 2 /c2

px =

Remember that these expressions are for the relative velocity along the x-axes, and
the x − y − z axes for the reference frames are parallel. Note that momentum and
energy ”mix” in the transformation.
Is there a combination of energy and momentum that is invarient? Yes. Consider
the expression E 2 − p2 c2 . Transforming to the prime frame variables we have
0
2
0 2
(E 0 + V p0x )2
2 (px + (V /c )E )
−
c
1 − V 2 /c2
1 − V 2 /c2
2
= E 02 − p02
xc

E 2 − p2x c2 =
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Since py = p0y and pz = p0z , we have
E 2 − p2 c2 = E 02 − p02 c2

(36)

This is a nice result. The expression E 2 − p2 c2 is the same for all inertial reference
frames, and thus a Lorentz invarient. Although every observer will have a different
value for E and p~, E 2 − p2 c2 will be the same. What value is it?
m2 u2
(mc2 )2
2
−
c
1 − u2 /c2
1 − u2 /c2
m2 c4 − c2 m2 u2
=
1 − u2 /c2
= m 2 c4

E 2 − p 2 c2 =

This invarient gives us the relationship between relativistic energy and momentum,
that will be valid in all inertial reference frames:
E 2 = m2 c4 + p2 c2

(37)

Another nice relation between energy
p and momentum is found
p by taking the ratio
2
2
2
p/E, where p = |~p|. Using p~ = m~u/ 1 − u /c and E = mc / 1 − u2 /c2 we have
p
u
= 2
E
c

(38)

where u = |~u|.
These equations are valid for particles with mass and for massless particles. For
the case that m = 0 we have

E = pc
u = c
We will do many examples using these relationships in lecture.
Energy-momentum invarients for a system of particles
Suppose there are two particles, labeled ”1” and ”2”, that interact with each other.
Each particle has energy and momentum, and consequently an energy-momentum
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four-vector. We can add the two four-vectors together and construct a (total energy)(total momentum) four vector:

 
 

Px
p1x
p2x
 Py   p1y   p2y 

 
 

(39)
 Pz  =  p1z  +  p2z 
Etot /c
E1 /c
E2 /c
This is just a short-hand way of saying that the individual components add to give
the total momentum and energy of the system.

Px
Py
Pz
Etot

=
=
=
=

p1x + p2x
p1y + p2y
p1z + p2z
E1 + E2

Momentum and energy conservation means that the (total-energy)- (total-momentum)
four-vector (Px , Py , Pz , Etot /c) is the same before, after, and during the interaction of
the two particles. Momentum and energy are conserved even if the particles after the
interaction are different than those before the interaction.
The four-vector for total momentum and energy, (Px , Py , Pz , Etot /c) will transform from one inertial frame to another via the Lorentz transformation, just as
(∆x, ∆y, ∆z, c∆t). Using the same mathematics that led to E 2 −c2 p2 being a Lorentz
2
− c2 P 2 is a Lorentz invarient as well.
invarient, one can show that Etot
2
Etot
− c2 P 2 = M 2 c4

(40)

is a Lorentz invarient, where every inertial observer will get the same value for M .
The quantity M is refered to as the total invarient mass. The total invarient mass is
an interesting quantity. It is a Lorentz invarient and it conserved. There are other
invarients that one can construct, which you might encounter in future classes.
Final Comments
This is probably a good place to end our discussion of special relativity. We will do
examples in class to help clarify these unusual concepts. We did not explicitly show
that Maxwell’s equations invarient under a Lorentz transformation. In our upper
division Electrodynamics course, Phy314-Phy315, this is covered, where the proof
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is similar to what we did here for momentum conservation. One needs to express
Maxwell’s equations in terms of four-vectors. The four-vector that represents the
electric and magnetic fields is the electrostatic potential φ and the vector potential
~ If each term in an equation transforms as a four-vector, then upon transformation
A.
to another inertial frame the equation has the same form.
We have covered topics here that have practical application. The relativistic
Doppler shift is the correct one to use for EM radiation. Time dilation is important
in GPS and in accelerator physics. Relativisitic kinematics are used daily by particle
and nuclear physicists. Modern physics could not have advanced as it did without
Einstein’s special theory of relativity. The theory also makes us rethink our ideas
regarding relative and absolute quantities:
quantity
∆x
∆t
simultaneity
(∆r)2 − c2 (∆t)2
energy
momentum
E 2 − c2 p 2
rest mass m
speed of EM radiation

absolute relative
X
X
X
X
X
X
X
X
X

Absolute quantities are hard to find, and are very special. Certainly grades are
relative. So, no matter how you do on the final exam your score is a relative quantity.
Hope you have enjoyed the course.
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