Exercises on the Magnetic Interaction
Exercise 1.1
Consider two infinitely long conducting wires that are parallel to each other and lie
in the x-z plane. The wires are parallel to the z-axis, and are each a distance a away
from the z-axis as shown in the figure. The current in the wire that passes through
x = +a is flowing out of the page (i.e. in the +z-direction. The current in the wire
that passes through x = −a is flowing into the page (i.e. in the −z direction). Determine the net magnetic field for points on the x-axis for values x > a.
We are lucky that the wires are of infinite length because the magnetic field they
produce is relatively simple. To solve this problem, we can use the result we derived
in lecture for the magnetic field produced by an infinitely long wire and the superposition principle. For any location on the x-axis, the net magnetic field is the vector
sum of the magnetic field produced by the wire on the right plus the magnetic field
produced by the wire on the left.
~ produced by an infinitely long wire is
The magnitude of the magnetic field B
B = µ0 I/(2πr), where r is the prependicular distance to the wire. The direction of
~ is determined by the right hand rule as discussed in lecture. Let’s call the wire on
B
the right ”R”, and the one on the left ”L”. Then, for values of x > a, the magnetic
~ L = µ0 I/(2π(x + a))(−ĵ). The
field at the position (x, 0, 0) caused by the left rod is B
direction is determined using the right hand rule, and is in the −y direction since
the current is flowing into the page and x is to the right of the wire. Similarly, the
~ R = µ0 I/(2π(x−a)).
magnetic field at the position (x, 0, 0) caused by the right rod is B
In this case, since the current is flowing out of the page, the direction is in the +y
~ R = µ0 I/(2π(x − a))(+ĵ). The net magnetic field is the vector sum of
direction: B
the magnetic fields produced by the two wires:
~ net = B
~L + B
~R
B
µ0 I
µ0 I
(−ĵ) +
(+ĵ)
=
2π(x + a)
2π(x − a)
µ0 Ia
=
ĵ
π(x2 − a2 )
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Exercise 1.2
Consider the same two wires as in the first exercise above. Find the net magnetic
field for locations on the y-axis: (0, y, 0).
To solve for the net magnetic field for positions on the y-axis, we can use the same
method as in Exercise 1.1. We first find the magnetic field due to each of the wires,
then add the two fields via vector addition.
The magnitude of the magnetic field at (0, y, 0) that is caused by the left wire is
√
√
~ L | = µ0 I/(2π y 2 + a2 ). The distance y 2 + a2 is the distance from (0, y, 0) to the
|B
~ L at (0, y, 0) is determined by the right hand rule and is
wire. The direction of B
indicated by the angle θ in the figure.
The magnitude of the magnetic field at (0, y, 0) that is caused by the right wire is
√
~ R | = µ0 I/(2π y 2 + a2 ). However, the direction is on the
the same as the left wire: |B
other side of the y-axis and is indicated in the figure.
When the two vectors are added, the x-components cancel. The surviving y-component
~ net = 2|B
~ R |cosθ (−ĵ).
is B
~ net = 2|B
~ R |cosθ (−ĵ)
B
µ0 I
= 2 √ 2
cosθ (−ĵ)
2π y + a2
a
µ0 I
√ 2
(−ĵ)
= 2 √ 2
2
2π y + a
y + a2
√
since cosθ is equal to a/ y 2 + a2 . Multiplying the terms in the expression yields
µ0 Ia
(−ĵ)
π(y 2 + a2 )
Note that the magnetic field is a maximum at y = 0.
~ net =
B

(1)

Exercise 1.3
Harriot has a hoola hoop. She charges the circular plastic hoola hoop uniformly with
a total charge of Q. She then spins the hoola hoop about its axis with a frequency
of f cycles per second. The hoola hoop has a radius of R. Find the strength of the
magnetic field at the center of the hoop.
The spinning charged hoola hoop produces a magnet field that is the same as a
circular wire that has a current I flowing through it. We need to find an expression for
3

the current I in terms of the total charge Q on the hoop and its rotational frequency
f . In lecture we derived the expression for the magnetic field at the center of a circular
wire that has a current I flowing through it:
µ0 I
(2)
2R
where Bcenter is the magnitude of the magnetic field at the center. The current I is
just the charge flowing past a point in the wire per second, so for the spinning hoop
we have I = Qf . The current is Qf because every second there are f rotations of
the hoop and each rotation brings a charge Q by the point. So the magnitude of the
magnetic field at the center of the hoola hoop is
Bcenter =

µ0 f Q
(3)
2R
This is an example of a magnetic field being produced by a rotating charged object.
Bcenter =

Exercise 1.4
Irvin bought an infinitely long copper wire. He bends it to form a 90◦ angle with
the center part a quarter circle of radius R as shown in the figure. Now, he connects
the wire to a voltage source (at infinity) so that a steady current I flows in the wire.
What is the magnetic field at the center of the quarter circle?
We can divide the wire into three sections: two semi-infinite straight segments and
one quarter circle. In the figure, the segments are as follows: a semi-infinite straight
wire from ∞ to the point a, a quarter circle from a to b, and a semi-infinite straight
wire from b to ∞. The center of the circle is at one end of the semi-infinite segments.
To find the magnetic field at the center of the quarter circle, we can use the principle
of superposition. We just need to add the magnetic field due to the three segments.
In lecture we calculated the magnetic field from a straight wire segment. For an
infinite wire we obtained B = µ0 I/(2πd), where d is the perpendicular distance to
the wire. Here the location is a distance R from a semi-infinite wire. Using the result
from lecture we have
µ0 I
(4)
4πR
since the wire is one half of an infinite one and the location is at the end. To find the
magnetic field at the center of the quarter circle, we can use the Biot-Savart Law as
we did for the full circle. Since the wire is only 1/4 of a full circle, the magnetic field
B=

4
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is (1/4)µ0 I/(2R) = µ0 I/(8R). Adding up the magnetic field from the three segments
gives:
µ0 I
µ0 I
µ0 I
+
+
4πR
8R
4πR
µ0 I 1 1
=
( + )
2R π 4

~ net | =
|B

Exercise 1.5
Helmholz coils are a set of two co-axial circular coils of wire. Let each coil have a
radius of R, a current I, and N turns of wire. The coils are separated by a distance
2d. Let the x-axis lie on the common axis of the coils with x = 0 located midway
between the coils. Find an expression for the magnetic field on the common axis in
terms of x.
We can use the result from lecture for the magnetic field on the axis of a circular
loop of wire. For our application the distance from x to the center of the left coil is
d + x. The distance from x to the center of the right coil is d − x. The net magnetic
field is the sum of the magnetic fields at x due to each of the coils:
µ0 IR2
µ0 IR2
+
2(R2 + (d + x)2 )3/2 2(R2 + (d − x)2 )3/2
µ0 IR2
1
1
=
( 2
+ 2
)
2
3/2
2
(R + (d + x) )
(R + (d − x)2 )3/2

Bx =
Bx

What makes Helmholz coils special is the following: d can be chosen to make the
magnetic field nearly constant near the center of the coils. One can determine the
best value for d by examining the derivatives of Bx with repect to x at x = 0. If one
evaluates the first derivative at x = 0, the result is
dBx
|x=0 = 0
(5)
dx
The first derivative is zero at x = 0 for any choice of d. The second derivative is a
bit messy to evaluate, but equals
d2 Bx
|x=0 = 2R2 − 8d2
(6)
dx2
If d = R/2 then the second derivative at x = 0 is also zero. With this choice of d the
magnetic field near x = 0 is nearly constant. When constructing Helmholz coils, one
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usually chooses d = R/2 to produce a nearly constant magnetic field in the region of
space between the coils. This is why Helmholz coils are so special.
Exercise 1.6
Reggie is given a rectangular loop of wire and he wants to make a magnetic fields.
The rectangle has sides of length 2w and 2l. To make a magnetic field, Reggie hooks
up the wire to a battery and a current of magnitude I flows in the wire. Reggie asks
us to determine the strength of the magnetic field at the center of the rectangle?
It is fortunate that we are taking Phy133, because in lecture we derived an expression for the strength of the magnetic field produce by a straight piece of wire.
The result is
a
b
µ0 I
(√ 2
+√ 2
)
(7)
2
4πd d + a
d + b2
where d is the perpendicular distance to the straight wire segment. We can apply this
result to our rectangle, since each segment is a straight wire. We just need to find
the magnetic field at the center due to each of the four sides and add up the fields.
The magnetic field produced by each leg will point out of the page in the
center, so we can just add the magnitudes. For the left side, d = l, a = w and b = w,
so we have
B=

w
w
µ0 I
(√ 2
+√2
)
2
4πl l + w
l + w2
w
µ0 I
√
=
2πl l2 + w2

BL =

for the magnetic field at the center caused by the wire segment on the left. The
magnetic field at the center caused by the wire on the right side will be the same
expression, since d = l, a = w and b = w:
µ0 I
w
√
(8)
2
2πl l + w2
For the magnetic field at the center produced by the top wire we have d = w, a = l
and b = l, so
BR =

BT =

µ0 I
l
l
√
(√ 2
+
)
4πw w + l2
w2 + l2
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=

l
µ0 I
√
2
2πw l + w2

As before, the magnetic field caused by the bottom leg of the rectangle at the center
will be the same as BT . That is BB = BT . Adding all four sides together gives the
net magnetic field at the center as:
µ0 I
µ0 I
2l
2w
√
√
+
2
2
2
2πw l + w
2πl l + w2
µI
l
w
√ 0
=
( + )
2
2
l
π l +w w
√
2
2
µ0 I l + w
=
πlw
In the case of a square loop of wire, l = w, and
√
µ0 I 2
Bnet =
πl
at the center of a square loop of wire that carries a current I.
Bnet =

(9)

Exercise 1.7
George is riding on a train and he is carrying with him an infinitely long uniformly
charged rod. The rod is aligned in the direction that the train is moving. George
measures the charge per unit length to be λ. The rod is very thin. His friend Bill is
standing on the ground and measures the speed of the train to be v to the right. To
him, the charged rod is also moving with a speed v in a direction along its length to
the right. What are the electric and magnetic fields that George observes, and what
are the electric and magnetic fields that Bill observes?
In George’s reference frame (moving train) the charged rod is at rest. Since the
rod is not moving, there are no electric currents according to George. In George’s
reference frame (i.e. if you are sitting in the train) there is no magnetic field. The
electric field in George’s reference frame is that due to a uniformly charge rod. We
have solved this problem before using Gauss’s Law. We obtained E = 2kλ/r where
r is the perpendicular distance from the rod.
BGeorge = 0
2kλ
EGeorge =
r
8
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~ is radially away from the rod.
where the direction of E
In Bill’s reference frame (standing on the ground) the rod is moving with a speed v
to the right. The moving rod produces a current. If we assume that the linear charge
density of the rod is also λ according to Bill, then the current is just I = λv. This is
true, because in one second the rod has moved a distance of v and thus λv amount of
charge has passed a point. The moving rod acts as an infinitely long wire carrying a
current I = λv. So the magnetic field that Bill measures is BBill = µ0 λv/(2πr) where
r is the radial distance from the rod. Since the rod also has a net charge according
to Bill, Bill will also experience an electric field which is produced from an infinite
charged rod:
µ0 λv
2πr
2kλ
=
r

BBill =
EBill

Bill will say there is a magnetic field, George will say there is not. They are both
correct. Since a source for magnetic fields is moving charge, and velocity is a relative
quantity, magnetic fields are a relative quantity. That is, the magnetic field depends
on the observers reference frame. In our calculation we obtain the same electric field
for both Bill and George. However, this is not correct. We have calculated E and B
correctly for George, but we have not calculated B or E correctly for Bill. Einstein’s
Theory of Special Relativity is needed to solve the problem correctly. We cover this
topic in the next Physics course, Phy234.
Exercise 1.8
You have an infinitely long straight cylindrical wire that has a radius of R. The wire
has a uniform current density flowing through it. Let the current flowing in the wire
be I. Find an expression for the magnetic field inside and outside the wire.
Because there is cylindrical symmetry in the current distribution, we might be able
to use Ampere’s Law to assist in determining
the magnetic field. To use Ampere’s
H
~ is easy to calculate. Because the
~
Law, we need to find a path for which B · dr
wire is infinitely long and has axial symmetry about the axis, the strength of the
magnetic field can only depend on r, the radial distance from the axis. We can
~ must be circular. That is, B
~ must be
also make the argument that the direction of B
perpendicular to ~r and the direction of I, where ~r is the radial vector from the axis
to the location of the magnetic field.
10

~ cannot point radially away from the axis because
The arguments go as follows. B
there are no static sources for magnetic fields. Magnetic field cannot emminate from
~ cannot point in the direction of I because if it did, by Ampere’s
a point or line. B
Law, the field in this direction would be constant everywhere. Thus, the magnetic
field is ”circular” around the axis. The best path to choose is a circular path such
that the center of the circle is on the axis and the plane of the circleH is perpendicular
~ = 2πr|B|
~ is a constant along the path and B
~ · dr
~
to the axis. With this choice, |B|
where r is the radius of the path.
Case 1: outside the wire, r > R:
In this case all the current passes through the circular path.
I

~ = µ0 Ithrough path
~ · dr
B
~ = µ0 I
2πr|B|
~ = µ0 I
|B|
2πr

Case 2: inside the wire, r < R:
In this case only part of the current passes through the circular path. We need to
determine how much current passes through a circle of radius r centered on the axis.
The amount of current is I times the ratio of the area of the circle to the cross
sectional area of the wire: I(πr2 )/(πR2 ). Ampere’s Law becomes
I

~ = µ0 Ithrough path
~ · dr
B
πr2
πR2
µ
Ir
0
~ =
|B|
2πR2

~ = µ0 I
2πr|B|

So we see that inside the wire the magnet field strength increases linearly with distance
from the axis until the wires edge. Outside the wire the magnetic field strength
decreases inversely with distance (1/r) as if the wire were infinitly thin.
Exercise 2.1
An electron is moving in a region where there is a constant magnetic field. The mag~ = B0 î. At a particular moment,
netic field is in the x-direction with magnitude B0 : B
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the electron has a velocity in the y-direction with speed v0 : ~v = v0 ĵ. At this moment,
what magnetic force does the electron feel? Express your answer in terms of B0 , v0
and e, the magnitude of the charge on the electron. All three of these variables are
greater than zero.
The magnetic force F~m on a particle depends on its charge, its velocity and the
~ By the right-hand rule for the cross
magnetic field it experiences: F~m = q~v × B.
~
product, ~v × B points in the -z direction or the −k̂ direction. Since the charge on
the electron is negative, the force it feels in this case will be in the +z direction. The
magnitude of the force will be ev0 B0 , so
F~m = ev0 B0 k̂

(10)

for the magnetic force that the electron will feel at this particular moment. One could
also solve the problem by just carrying out the cross product:
~
F~m = −e(~v × B)
î ĵ k̂
= −e 0 v0 0
B0 0 0
= −e(−v0 B0 k̂)
F~m = ev0 B0 k̂
Note that if the particle were a proton instead of an electron, the force it would feel
would be opposite to that of the electron. In this case, F~m = −ev0 B0 k̂ since the
charge on the proton has the same magnitude but is opposite in sign to that of the
electron.
Exercise 2.2
In the figure, we are told that the magnetic field is perpendicular to the page. However, we don’t know if it points into or out of the page. The trajectory labeled −1 e
is that of an electron moving in the direction of the arrow. What is the direction of
the magnetic field, and what is the sign of the charge on the second particle moving
in the field?
By looking at the curvature of the trajectory of the electron, we can see that the
force that the electron feels is towards the upper left corner of the diagram. Since
12
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~ for the electron must
the charge of the electron is negative, this means that ~v × B
point towards the lower right corner of the diagram. Since ~v is towards the upper
~ must be out of the page.
right corner of the diagram, the direction of B
By looking at the curvature of the trajectory of the other particle, we can see that
~ is out of the page,
the force it feels is towards the lower right of the diagram. Since B
~
~v × B points towards the upper left corner of the diagram. Since the force is in the
opposite direction, the second particle has a negative charge.
Exercise 2.3
In a certain region of space, there exists a constant magnetic field of magnitude
B0 . We align our coordinate system so the magnetic field points in the z-direction:
~ = B0 k̂. A proton is thrown into this region with an initial velocity of ~v0 . What will
B
the trajectory of the proton be? That is, describe the motion of the proton. There is
no electric field in the region.
Since there is no electric field, the only force the proton will feel is the magnetic
force. The magetic force depends on the protons velocity. If there is no velocity, there
is no force. So lets assume the proton has a velocity ~v = vx î + vy ĵ + vz k̂ and find the
force it feels with this velocity. The magnetic force on a particle with charge +e is
~ Since B
~ = B0 k̂, the force on the proton is
F~m = e(~v × B).
~
F~m = e(~v × B)
î ĵ k̂
= e vx vy vz
0 0 B0
= e(vy B0 î − vx B0 ĵ)
F~m = eB0 (vy î − vx ĵ)
This force is fairly simple. Note that there is no force in the z-direction. This
is the direction of the magnetic field. Since the force equals the vector cross product
~ there can be no component of F~m in either the B
~ direction or the
between ~v and B
~v direction. If the proton has an initial component of velocity in the direction of the
magnetic field, this component of the velocity will not change in time. In our case
this means that vz = constant = vz0 , the initial value of vz .
Only the velocity components in the x-y plane change their values, since the force
is only in the x-y plane. Let ~v⊥ = vx î + vy ĵ, the velocity in the x-y plane. From the
expression for the force above, we notice that F~m · ~v = eB0 (vy vx − vx vy ) = 0. The
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magnetic force is always perpendicular to the velocity and ~v⊥ . So the velocity in the
x-y plane ~v⊥ does not change in magnitude, but only in the direction perpendicular
to itself. The magnitude of the force on the particle is
|F~m | = eB0 |(vy î − vx ĵ)|
q

= eB0 vy2 + vx2
= eB0 |v⊥ |
and directed perpendicular to ~v⊥ . This type of force produces circular motion, whose
2
acceleration is v⊥
/r, where r is the radius of the circle. From F~m = m~a we obtain
2
v⊥
r
m|v⊥ |
r =
eB0

eB0 |v⊥ | = m

for the radius of the circle. Thus, when a proton is thrown into a region of space that
has a constant magnetic field, it will travel in a circle in the plane perpendicular to
the magnetic field. This circular motion will be superimposed with one of constant
velocity in the direction of the magnetic field (the z-direction in our case ). The
combined motion will be a helix.
Exercise 2.4
Suppose in Exercise 2.3 the initial velocity of the proton is v0 î, that is a speed of v0
in the x-direction. The magnetic field is constant and equal to B0 k̂. As described in
the last problem, the proton will travel in a circle. Find and expression for the number of revolutions/sec (i.e. the frequency) that the proton makes in its circular motion.
As derived in the last problem, equating the net force to the product of mass and
acceleration yields
v02
r
v02
eB0 |v0 | = m
r
mv0
r =
eB0
|F~m | = m
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for the radius of the circle. The number of revolutions/sec is the distance traveled
in one second divided by the circumference of the circle. In one second the distance
traveled is v0 , we we have for the frequency f of the motion
v0
2πr
eB0
=
2πm

f =

The proton will make eB0 /(2πm) revolutions per second. The amazing thing about
this result is that v0 doesn’t enter in the expression for f . The radius r is proportional
to v0 ! If the speed doubles, so will the radius of the circle and hence the time to
complete one revolution won’t change. The cyclotron, which was the first particle
accelerator was based on this principle. The frequency f is called the cyclotron
frequency.
Exercise 2.5
In lecture we demonstrated the ”levitating foil”. A magnetic field of magnitude B
was placed perpendicular to a strip of aluminum foil. A current I was made to flow
through the foil and the foil rose. If the mass per length of the foil is µ, what minimum current is necessary to make the foil ”levitate”?
Consider a length l of the foil. The magnetic force on this piece of foil (i.e. of
length l) is Fm = BIl, where B is the strength of the magnetic field. To levitate, this
force must overcome the gravitational force on the piece. That is, we must have
BIl > mg

(11)

for the foil to levitate. If µ is the mass/length, then the mass of the foil is m = µl.
Thus we see that
BImin l = µlg
µg
Imin =
B
is the minimum current required for the magnetic force to overcome the weight of the
foil.
Exercise 2.6
You have a wire that is bent into the shape of a rectangle with sides a and b. Let
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~ for the rectangle have a magnitude of |A|
~ = ab and a direction
the area vector A
perpendicular to the surface of the rectangle. The rectangular wire is placed in a
~ which points upward as shown in the figure. The wire is oriented
magnetic field B,
~ and the area vector A
~ makes
such that side b is perpendicular to the direction of B
~ If a current I flows in the wire, what
an angle θ with respect to the direction of B.
are the forces on the rectangular wire?
The force on the sides of the wire of length b are shown in the figure. The force
~ Since the current in side b (top) is into the page and
on the top side is F~m = I~b × B.
~ is directed up, the force is IbB to the right. The force on the bottom side (b) will
B
be in the opposite direction since the current is out of the page. The force on side b
(bottom) is IbB but directed to the left. The forces on the sides of length a will be
into and out of the page, and they will cancel. Thus, the net force on the rectangular
wire is zero. However, there will be a twisting force (torque) as seen in the figure
tending to twist the rectangle clockwise.
From your Phy131 class you remember that the torque τ is ~r × F~ . In our
case, the torque about the center of side a due to the force on side b (top) is
|τ | = (a/2)(IbB)sinθ. The moment arm is a/2, the force is IbB, and the angle
between the force and side a is θ. In this case, the twist is clockwise. Similarly, for
the side b (bottom) the torque about the center of side a is |τ | = (a/2)(IbB)sinθ.
Adding up these two torque contributions gives the total or net torque:
|τnet | = IabB sinθ

(12)

with a clockwise twist. This twist causes the wire to rotate clockwise about an axis
through the middle of side a. If the direction of the current is changed properly, the
wire will keep rotating and one will have an electric motor.
One can write the expression for the torque in a more succinct way. We can
~ Note that |m|
define a vector m
~ to be m
~ = I A.
~ = Iab and points in a direction
normal to the plane of the rectangular wire. For a clockwise twist, the torque vector
will point into the page (by the right hand rule). So we can write the vector torque
~ The vector m
as ~τnet = m×
~ B.
~ is called the magnetic moment vector for the wire loop.
Exercise 2.7
Two infinitely long wires are placed parallel to each other and are separated by a
distance d. The left wire is labeled ”1”, and the right wire is labeled ”2”. The wire
on the left has a current of I1 , and the wire on the right has a current of I2 . The
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currents in the wires flow in the same direction. What is the magnetic force per
length l on wire ”2” due to wire ”1”?
To find the magnetic force on on wire ”2” we need to find the magnetic field that
it experiences that is produced by wire ”1”. The magnetic field produced by wire ”1”
is circular with a magnitude of
µ0 I1
(13)
2πd
where d is the distance from the wire. Wire ”2” experiences this magnetic field, and
it is perpendicular to wire ”2” directed downward. So the force on a piece of length
l of wire ”2” is
~ =
|B|

|F~ | = I2 lB
µ0 I1
= I2 l
2πd
µ0 I1 I2 l
=
2πd
By the right-hand-rule, the force on wire ”2” is directed toward wire ”1”. Note also
that the force on wire ”1” is the same as above except directed towards wire ”2”.
Exercise 2.8
A piece of curved wire is located in a region of space where the magnetic field is
constant. The wire starts at the location labeled ”a” and ends at the location labeled
”b” in the figure. If a current of magnitude I flows in the wire, find an expression for
the net force on the wire.
To find the net force on the wire, we need to divide it up into small segments.
Then, we find the force on each small segment, and add these forces up via vector
addition. So, let’s begin. Divide the wire into N small segments and label each
~ i . The force
segment by an integer: 1,2,3, etc. Call the vector for the i0 th segment ∆l
0
~
∆F i on the i th segment is
~ i × B)
~ i = I(∆l
~
∆F
~ i:
To find the net force, we just add the ∆F
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(14)
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F~net =

X

=

X

~ i
∆F
~ i × B)
~
I(∆l

X

= I(

~ i) × B
~
∆l

~ since the magnetic field all along the wire is constant.
We can factor out B
The sum is easy to evaluate, since it is just the vector sum of all the wire segments.
The vector sum is just a vector from ”a” to ”b”.
~ i) × B
~
F~net = I( ∆l
~
= I(~l × B)
X

where ~l is a vector from location ”a” to ”b”. This is a very nice result. Note that if
the wire is closed, the vector ~l is zero, since ”b” is at the same place as ”a”. Thus,
the net force on a closed wire loop in a constant magnetic field is zero.
Exercise 3.1
~ = (6tî + 4tĵ +
A magnetic field in a certain region of space has the following form: B
2tk̂) Tesla/sec, where t is the time in seconds. A rectangular with sides of length 1
meter by 2 meters is placed in the x-y plane. Find:
a) The magnetic flux through the rectangular wire.
~ = 2k̂ M 2 . So the magnetic flux is
The area vector for the rectangular surface is A
~ ·A
~ = 4t T M 2 /sec. Since the surface is parallel to the x-y plane, only the ”z”
Φm = B
component of the magnetic field contributes to the magnetic flux through the surface.
b) If the resistance of the rectangular wire is 0.5Ω, how much current flows in the wire?
Since there is a changing magnetic flux through the wire loop, there is a net
voltage around the loop: |ε| = |dΦm /dt|. In this case, |ε| = 4 volts. So the current is
I = 4/0.5 = 8 Amps. The direction can be determined using Lenz’s Law. Since the
magnetic field is increasing in the ”z” direction, the current that is induced in the
rectangular wire will be such as to oppose this change. That is, the current induced
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in the wire will produce a magnetic field that is in the negative ”z” direction. For the
current to produce a magnetic field in the −k̂ direction, it must flow clockwise if one
looks down the z-axis. The direction of the induced current is shown in the figure.
Exercise 3.2
You want to generate electrical current by spinning a wire loop in a constant magnetic field. You align the magnetic field along the ”z” axis, and since its magnitude
~ = B0 k̂ and is constant. The wire loop has
is B0 , the magnetic field vector is B
N turns of wire and a cross sectional are of A. You can spin the loop with a frequency of f rotations per second. Which direction should you spin the loop to obtain
the maximum voltage around the loop, and what is the voltage generated in the loop?
To generate the maximum voltage, you want to spin the loop so that the change
in the magnetic flux is maximized. So the best way to spin the loop is to have the
axis of rotation be in the x-y plane. Let’s choose the x-axis. Suppose at time t = 0
the loop starts in the x-y plane. That is, the area vector for the loop is in the k̂
direction. As time goes on, the area vector will make an angle θ with the z-axis
where: θ = ωt = 2πf t. The magnetic flux through the wire loop at any time t will
be:

Φm = N B0 A cos(θ)
= N B0 A cos(2πf t)
The factor N arises since there are N turns of wire. To find the voltage generated
around loop, we just need to differentiate Φm with respect to t, since ε equals the
time rate of change of magnetic flux:
dΦm
dt
= 2πN B0 Af sin(2πf t)

ε =

The voltage generated in this manner is sinusoidal in time. When kinetic energy
is transformed into electrical energy, the electrical energy is usually in the form of
alternating current.
Exercise 3.3
You have a source of alternating current and you want to increase the voltage. Since
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you are taking Phy133 you know that AC voltage can be increased (or decreased) by
using two circular coils that have the same axis. The first coil has N1 turns of wire
and an area of A1 . The coil has a length of l1 . The second coil fits over the first
one and has N2 turns of wire and an area of A2 . The incoming source is a sinusoidal
current of magnitude I1 : I(t) = I1 sin(ωt). The incoming current is attached to the
first coil (number ”1”). What is the output voltage of the second coil? Assume that
each coil has the properties of an infinite solenoid, and neglect any self- inductance
effects.
The output voltage is a result of the changing magnetic flux through loop ”2”.
The magnetic field that is producing this flux is caused by the current in loop ”1”.
So, let’s start by finding the magnetic field produced by coil (or solenoid) ”1”. Since
we are approximating it as an infinite solenoid, the magnetic field within the coil is
equal to µ0 nI1 (t):
N1
)I1 sin(ωt)
(15)
l1
since n, which is the number of turns per length equals N1 /l1 . The magnetic flux
through the second coil will equal B1 times the area A1 , not the area A2 . The reason
for the smaller area is that the magnetic field B1 is zero outside of the area A1 (i.e.
outside of coil ”1”). Therefore, the magnetic flux through the second coil is
B1 ≈ µ0 (

Φm (coil 2) ≈ B1 A1 N2
≈ µ0 N2 A1 (

N1
)I1 sin(ωt)
l1

To find the voltage generated in the second loop, we need to take the time derivative
of the magnetic flux through the loop:
ε2 = |

dΦm
|
dt

≈ ωµ0 N2 A1 (
≈

N1
)I1 cos(ωt)
l1

µ0 ωN1 N2
I1 cos(ωt)
l1

So we see that sinusoidal current in the first coil causes a sinusoidal voltage in the second coil. By adjusting the parameters ω, N1 , N2 , and l1 you can increase or decrease
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the output voltage. The two coil set-up is a transformer. One can transform the
voltage up or down in value. However, the transformation only works if the incoming
current is changing in time, i.e. AC. We note that our result is an approximation
since we are neglecting self-inductance effects, which are quite important. We treat
these effects in a future course on electromagnetism.
Exercise 3.4
You have two wires, each is bent into a square shape. The smaller square has sides of
length b, and the larger has sides of length a. Both square wires lie in the x-y plane
with their centers at the same place. The small square is much smaller than the big
square: b << a. Find an expression for the mutual inductance of the two wires.
To find the mutual inductance of a system of two wires (each of which is a closed
circuit) one puts a current in one, say I1 , and calculates the magnetic flux through
the other wire, Φ2 . The magnetic flux Φ2 will be proportional to the current I1 , and
the constant of proportionality is the mutual inductance. In our problem it is easiest
to put a current in the larger square and find the magnetic flux through the smaller
square. This is because the magnetic field through the area of the small square is
approximately constant, since the area is so small. We worked out an expression for
the magnetic field at the center of a square wire when a current flows in the wire.
Our result is
√
2 2µ0 I1
(16)
B1 ≈
πa
after using the Biot-Savart Law. If b << a then the magnitude B1 will be approximately constant over the area of the small square. So, the magnetic flux through the
small loop (with sides b) will be
Φ2 ≈ B1 A2
√
2 2µ0 I1 2
≈
b
√πa
2 2µ0 I1 b2
≈
πa
~ 1 is perpendicular to
We can just multiply B1 times A2 because the magnetic field B
the area A2 of the small square. Since the mutual inductance is defined through the
equation Φ2 = M21 I1 we have
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As can be seen, the units of M21

√
2 2µ0 b2
M21 ≈
πa
are µ0 times length.

(17)

Exercise 3.5
An infinitely long wire has a current I flowing in it. Next to the infinitely long wire is
a second wire that is bent in the shape of a rectangle of sides a and b. The rectangle is
traveling away from the straight wire with a speed v. If the resistance of the rectangle
is R, how much current will flow in the rectangular wire?
Current will flow in the rectangle because of the voltage induced due to the changing magnetic flux through the rectangle. Let’s start by first calculating the magnetic
flux through the rectangular wire. Then we will determine its time rate of change.
Let the distance from the closest end of the rectangle to the straight wire be x. The
area of the rectangle is ab. However, we cannot find the magnetic flux by just multiplying ab by the magnetic field. This will not work because the magnetic field
is not constant over the area of the rectangle. The magnetic field is stronger
closer to the straight wire and weaker further away. We need to integrate.
Lets divide the rectangle up into strips whose long end is parallel to the current
in the straight wire. Consider a strip that is a distance r from the straight wire, and
whose width is ∆r. The length of the strip is a. Since the strip is parallel to the
~ = µ0 I/(2πr).
current, the magnetic field on the strip is constant and equal to |B|
Thus, the magnetic flux through the strip, which we label as ∆Φm is
µ0 I
a ∆r
(18)
2πr
since the area of the strip is a∆r. Adding up all the strips to find the total magnetic
flux though the rectangular wire results in the following integral:
∆Φm =

Φm =

Z b+x
x

µ0 I
a dr
2πr

µ0 Ia
=
(ln(b + x) − ln(x))
2π
The magnetic flux is positive because we have chosen the direction of area to be the
~ downward. The only parameter that changes in this
same as the direction of B,
expression when the rectangle moves away from the wire is x. So we can find the
time rate of change of Φm by using the chain rule:
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dΦm
dΦm dx
=
dt
dx dt
µ0 Ia 1
1
=
(
− )v
2π b + x x
µ0 Iabv
= −
2πx(b + x)
since v = dx/dt. The minus sign signifies that the change in Φm is opposite to the
direction of the area, i.e. upward. The induced voltage is −dΦm /(dt) or
ε=

µ0 Iabv
2πx(b + x)

(19)

The induced current in the rectangular wire is the voltage divided by the resistance
R:
Iin rectangular wire =

µ0 Iabv
2πRx(b + x)

(20)

The positive sign signifies that the current is in the same direction (via the right hand
rule) as the area: clockwise looking down on the wire.
Exercise 3.6
You drop a rectangular shaped wire into a region where there is a constant magnetic
field of magnitude B pointing out of the page. The situation is shown in the figure.
The width of the wire is w, and only the length of wire labeled ”x” is in the region
of the magnetic field. If the wire has a speed v, how much current flows in the wire?
The resistance of the wire is R.
We can calculate the induced current by equating it to the rate of change of the
magnetic flux. The magnetic flux through the rectangular wire is
Φm = +Bwx

(21)

since the magnetic field B is over an area of wx. We have chosen the area vector to
point out of the page, hence the positive sign of the magnetic flux in the equation
above. Since the area vector is out of the page, positive current flow will be counterclockwise. The induced voltage around the rectangular wire is equal to −dΦm /(dt),
and the induced current will thus be I = −(1/R)dΦm /(dt):
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1 dΦm
R dt
Bw dx
= −
R dt
Bwv
= −
R

I = −

A positive current is counter-clockwise, so the minus sign indicates that the current
flow is clockwise. Lenz’s Law would give the same direction for the induced current:
The magnetic field produced by the induced current will be into the page inside the
wire loop.
The force on the wire loop is on the lower leg of the wire. Here the current is
flowing to the left. Since the magnetic field is out of the page, the force on lower leg
of the wire is upward with a magnitude of:
F = BIw
Bwv
w
= B
R
B 2 w2 v
=
R
Note that the force is in the opposite direction of ~v . Written in terms of vectors, the
force on the wire when it is traveling with a speed of v downward is
B 2 w2
~
F =−
~v
(22)
R
If the rectangle is freely falling downward, this force will oppose the force of gravity.
The rectangle will reach terminal velocity, vT , when this magnetic force equals the
force of gravity:
B 2 w 2 vT
R
mgR
=
B 2 w2

mg =
vT

will be the terminal velocity. This is an example of magnetic damping, with the
damping force given by F = B 2 w2 v/R.
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Exercise 3.7
Find an expression for the self inductance per unit length of a co-axial cable. Let the
inner radius of the co-axial cable be a and the outer radius be b. Treat the co-axial
cable as infinite in length.
To solve this problem, we place a current I on the inner cylindrical wire flowing
into the page. The current I will return on the outer cylindrical shell as shown in the
figure. First we need to determine the magnetic field in the space between the inner
and outer wires. Then we will determine the magnetic flux through the area between
the wires, and finally extract the proportionality constant L from this expression.
From a previous exercise, we determined the magnetic field between two conducting
cylindrical shells using Ampere’s law.

2πrB = µ0 I
µI
B =
2πr
We next need to calculate the magnetic flux through the area between the wires.
For a length l of the cable, the area of this surface is (b − a) by l. However, the
magnetic field is not constant over the surface so we must integrate. We can divide
the surface into strips that are a distance r from the axis and have a width of ∆r. The
length of each strip is l. The magnetic flux through one of the strips is ∆Φm = Bl(∆r)
or
µI
l ∆r
(23)
2πr
We need to add up the contribution from all the strips, which leads to the following
integral:
∆Φm =

Z b

µI
l dr
a 2πr
µ0 Il b
=
ln
2π
a

Φm =

The definition of self inductance is the ratio of the magnetic flux to the current in
the circuit. From the equation above, we have
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Φm
I
µ0 l b
=
ln
2π
a
L
µ0
b
=
ln
l
2π a
for the self-inductance per length of cable.
L =

Exercise 3.8
The circuit in the figure contains three resistors, each has a resistance of 1Ω. There
are no batteries, but there is a changing magnetic field in the right loop of the circuit. The changing magnetic field produces a magnetic flux in the right loop which
is Φm = −6t Volt if the area vector is into the page. That is, the magnetic field
points out of the page and is increasing in magnitude. There is no magnetic field in
the left loop of the circuit. Find the amout of current that flows through each resistor.
Let the current through the left resistor be labeled I1 flowing upward. Let the
current through the middle resistor be labeled I2 flowing upward. Then the current
through the right resistor will be I1 + I2 flowing downward. Taking a clockwise path
around the left loop gives:
−(1)I1 + (1)I2 = 0
I1 = I2
The right side of the equation is zero, since there is no changing magnetic flux through
the loop. If I1 = I2 , the current through the right resistor is 2I1 . The area vector
is into the page, so we must take a clockwise path around the right loop. With this
path, requiring that the sum of the voltage changes around the path equal dΦ/dt, we
have:
dΦm
dt
= −6
= 2 Amps

−(1)I1 − (2)I1 =
−3I1
I1

Two amps flow upward through the left and middle resistors, and four amps flows
downward through the right resistor.
32

33

